Phase transitions in charged topological black holes dressed with a scalar field are studied. These black holes are solutions of the Einstein-Maxwell theory with a negative cosmological constant and a conformally coupled real self-interacting scalar field. Comparing, in the grand canonical ensemble, the free energies of the hairy and undressed black holes two different phase transitions are found. The first of them is one of second-order type and it occurs at a temperature defined by the value of the cosmological constant. Below this temperature an undressed black hole spontaneously acquires a scalar hair. The other phase transition is one of first-order type. The corresponding critical temperature, which is bounded from above by the one of the previous case, strongly depends on the coupling constant of the quartic self-interaction potential, and this transition only appears when the coupling constant is less than a certain value. In this case, below the critical temperature the undressed black is thermodynamically favored. However, when the temperature exceeds the critical value a hairy black hole is likely to be occur.
I. INTRODUCTION
Thermodynamics of black holes is one of the most interesting research topic, given that the thermodynamical properties of these fascinating objects are based on its elusive quantum description. One can consider black holes as states in a thermodynamical ensemble and to compare the free energy associated to each of them. In some cases phase transitions have been found. A wellknown example is due to Hawking and Page [1] . Recently, the study of phase transitions of black holes endowed of a scalar hair has focused much interest since these transitions have been related with holographic superconductivity [2, 3] in the context of the AdS/CFT correspondence (see relevant reviews in [4] ). In general, the no-hair theorems rule out such a class of solutions. However, when a negative cosmological constant is considered, there exist exact black holes with a scalar hair and, consequently, phase transitions can be analytically studied. The first of these hairy black holes was obtained in three spacetime dimensions [5] and then generalized [6] by considering an one-parameter self-interaction potential. It was found [7] that the scalar hairy black hole of Ref. [6] can decay into the BTZ black hole irrespective of the horizon radius. The presence of a cosmological constant also allows the existence of event horizons with non-trivial topologies. Thus, a four-dimensional topological black hole dressed with a scalar field, whose event horizon is a compact space of negative curvature, was introduced in [8] . Moreover, it was shown the existence of * Electronic address: martinez@cecs.cl † Electronic address: alejandramontecinos@unab.cl a second-order phase transition at a critical temperature, below which a black hole in vacuum undergoes a spontaneous dressing up with a nontrivial scalar field. The order parameter that characterizes this transition depends on the value of the scalar field at the horizon. These results were reproduced in [9, 10] , and notably, it was found [11] that this phase transition is dual to a superconductivity transition. The existence of this second-order phase transition seems to be more general [12] .
These hairy black holes can be charged by adding a Maxwell gauge field. Thus, an electrically charged black hole with a conformally coupled scalar field was obtained in [13] and one with a minimally coupled scalar in [14] . In the minimally coupled case, phase transitions are not possible between the hairy and the non-extremal hyperbolic Reissner-Nordström (hRN) black holes, being the latter one thermodynamically favored. However, there is a transition where the extremal black hole without scalar field is endowed with a non-trivial scalar hair [14] . In this report we focus the analysis in the case of the charged black hole with a conformally coupled scalar field [13] . The main properties of this exact solution, hereafter named hairy black hole, will be reviewed in the next section. In advance, we note that the coupling constant α of the quartic self-interaction potential plays an important role in this analysis. Because we have an exact solution, it is interesting enough to explore the thermodynamical transitions of this hairy black hole. This is the aim of this brief report. We apprise to the readers that the question about how these phase transitions are or not related to a superconductivity transition will be not discussed here.
Previous attempts have dealt with to describe phase transitions in the hairy black hole. However, these treatments have some problems. In [15] the free energy is computed using an expression for the entropy with an incorrect factor. In this case the scalar field is conformally coupled to gravity. Consequently, in the area law for the entropy an "effective" Newton constant, depending on the value scalar field at the horizon, must be considered. More recently, it was argued that a second-order transition from a hairy to a hRN black hole is unlikely possible to occur [16] . However, the analysis in [16] is not clear for lack of a thermodynamical ensemble. In order to solve these problems, we develop a detailed study of phase transitions for the hairy black hole in Section III. The results show the existence of two phase transitions of different order. One of them corresponds to a second order transition, which occurs at a fixed temperature defined only in terms of the cosmological constant. On contrary, the other transition is of first order and the critical temperature strongly depends on α.
II. CHARGED TOPOLOGICAL BLACK HOLES DRESSED WITH A SCALAR FIELD
In this section, we briefly review the main properties of hairy and hRN black holes. We start considering fourdimensional gravity with a cosmological constant, where the matter content is given by a conformally coupled real self-interacting scalar field and a Maxwell gauge field. The action is given by
with
When the cosmological constant is negative, Λ = −3/l 2 , the theory admits an exact solution [13] , which we have called hairy black hole, and whose line element is
In the above expression dσ 2 is the line element of a negative constant curvature two-dimensional manifold, which is assumed to be compact and with volume σ. The scalar field reads
and the electromagnetic potential has the simple form
The constants q and µ are not independent, they are related in the following way
where a = 2πG/(3l 2 α) ≥ 1 because q is real. If µ is positive the black hole has a single horizon. On the other hand, in the case −l/4 ≤ Gµ < 0 the solution have three horizons. The extreme black hole occurs for Gµ = −l/4, where two horizons take the value l/2.
Other solution of this theory is the hRN black hole [17] , which is obtained from (1) provided that φ ≡ 0. The corresponding metric is
where ρ > 0. The integration constants µ 0 and q 0 are independent and they are proportional to the mass and electric charge respectively. The electromagnetic potential read A = −(q 0 /ρ)dt. The event horizon is located at ρ + , which satisfies the equation
The hRN black hole becomes an extremal one when µ 0 and q 0 hold the following relations
III. PHASE TRANSITIONS
In this section, we will compare the free energy of hairy black and hRN black holes. In [13] , the free energy, as well as other thermodynamical quantities, were computed for the hairy black hole using the grand canonical ensemble. In this ensemble the temperature T , or equivalently its inverse β, and the potential difference Φ = A 0 (∞) − A 0 (horizon) are fixed. Then, the free energy F is a function of T and Φ and it has the following expression
where M , Q, S denote the mass, the electric charge, and the entropy, respectively. For the hairy black hole, we have
and
where G * stands for the effective Newton constant
As it was noted in [13] , the entropy is positive provided that µ is bounded by specific values, which depend on a.
In terms of the temperature, this condition states that it must range in the interval (T min , T max ), where
(13) For the hRN black hole, the thermodynamical variables are given by
In order to find phase transitions between the hairy and undressed states, we must consider both black holes in a same grand canonical ensemble, i.e. at the same T and Φ. Equaling T and Φ for both black holes, from Eqs. (10) and (14) we obtain the conditions
, and
The above conditions become identities when one express, using Eqs. (10) and (14), r + , q, ρ + , and q 0 in terms of T and Φ. However, the algebraic manipulation is more simple if Eqs. (10), (14) and (16) are used at the same time. Thus, in this setup, the corresponding free energies are:
From the above expressions we determine the difference between the free energies of the hRN and hairy black holes ∆F = F hRN − F hairy (20) In general, it is expected that the free energy is a function of the two variables of phase space, T and Φ. However, in the hairy black hole, µ and q are related (5) and this establishes a relation between T and Φ. For this reason ∆F in (20) can be expressed in terms of a single variable. In this case, the temperature was chosen.
We find that the phase diagram has a strong dependence of the parameter a, which is proportional to the inverse of the coupling constant α. In the Fig. 1 , we have illustrated the behavior of ∆F for two values of a.
For all values of a, i. e. a ≥ 1, there is a phase transition at the critical temperature T c = (2πl) −1 . This is a second-order phase transition because ∆F and its derivative vanish at T c as it can be seen in Fig. 1 , and confirmed by the series expansion of ∆F around T c
In a similar way, as it was discussed for uncharged black holes [8, 9] (the uncharged case corresponds to set a = 1 here), in the range T ≥ T c the undressed (hRN) black hole is thermodynamically favored. However, below the critical temperature, the hairy black hole is preferred. When a > a 1 = 3(3 + 2 √ 3) ∼ 19.4 we find another solution for ∆F = 0, denoted by T 1 , as it is shown for a = 90 in Fig. 1 . This second temperature monotonously increases with a and it asymptotically approaches to T c (see Fig. 2 ). However, only when a > a 2 ∼ 86 [20] this temperature is higher than T min , which is the minimum temperature required for ensuring a positive entropy for the hairy black hole. Thus, different to the uncharged case, there is another phase transition provided a > a 2 . This new phase transition is of first order because the slope of ∆F at T 1 does not vanish (Fig. 1) .
Additionally, one can includes the extreme hRN black hole into the analysis. For extreme black holes, β becomes arbitrary and the entropy vanishes [18] . We set this extreme black hole in the previous ensemble, and using Eq. (8), the free energy takes the form The curves for Tmin and Tmax enclose the region where the entropy of the hairy black hole is positive. These curves approach to Tc = (2πl) −1 for a → ∞. There is a second-order phase transition at Tc for all values a ≥ 1. For a > a2 an additional first-order transition appears and it takes place at T1, which is higher than Tmin within this range of a. The hairy phase (shared region) dominates in the region bounded by (Tmin, Tc) for a ≤ a2 , and (T1, Tc) for a > a2. T2 and T3 are out of the physical interval (Tmin, Tmax).
For a > 1 and T > 0, F ext is greater than the free energy corresponding to the non-extremal case, which indicates a thermal decay of the extreme into the non-extreme hRN black hole and none phase transition is observed. This is the same result as in [14] (see also [19] ). When F ext and F hairy are compared, we note that the difference F ext − F hairy vanishes for two different temperatures T 2 and T 3 > T 2 , where T 2 appears only for a > a 1 , being F ext > F hairy in the interval (T 2 , T 3 ). This could be a signal of the existence of a phase transition at T 3 and another one, for a > a 1 , at T 2 . However, since T 2 < T min and T 3 > T max (see Fig. 2 ) they do not lie within the physical temperature interval T min < T < T max . Therefore, there are no phase transitions between the hairy black hole and the extremal hRN one. Moreover, since F ext is greater than F hairy and F hRN within the proper temperature range, the extremal black hole is able to decay into the hairy or into the non-extremal hRN black hole with different branching ratios.
Finally, as it was mentioned before, the hairy black hole contains an extremal case. For this extreme black hole, the mass and the charge are fixed in terms of the parameters appearing in the action. Thus, it is easy to prove that a) only the case of vanishing temperature is compatible with the assumed ensemble, and b) the value of the free energy for the extreme hairy black hole coincides with the T = 0 limit of F hairy as it is expected.
